Non-dissipative system as limit of a dissipative one: comparison of the
  asymptotic regimes by Silva, Ricardo P.
ar
X
iv
:1
81
0.
03
05
4v
2 
 [m
ath
.A
P]
  2
6 O
ct 
20
18
Non-dissipative system as limit of a dissipative one:
comparison of the asymptotic regimes
Système non dissipatif comme limite d’un système dissipatif:
comparaison des régimes asymptotiques
Ricardo Parreira da Silva
Department of Mathematics, University of Brasília,
Campus Universitário Darcy Ribeiro, Brasília, DF, 70910-900, Brazil
rpsilva@unb.br
Abstract
Let Ω ⊂ ℝ푛 be a bounded smooth domain (open and connected) in ℝ푛. Given 푢0 ∈ 퐿
2(Ω),
푔 ∈ 퐿∞(Ω) and 휆 ∈ ℝ, our purpose is to describe the asymptotic behavior of solutions of the family
of problems ⎧⎪⎨⎪⎩
휕푢
휕푡
− Δ푝푢 = 휆푢 + 푔, on (0,∞) × Ω,
푢 = 0, in (0,∞) × 휕Ω,
푢(0, ⋅) = 푢0, on Ω,
as 푝 ←→ 2+, where Δ푝푢 ∶= div(|∇u|p−2∇u) denotes the 푝-laplacian operator.
Résumé
Soit Ω ⊂ ℝ푛 un domaine lisse délimité (ouvert et connecté) dans ℝ푛. Étant donné 푢0 ∈ 퐿
2(Ω),
푔 ∈ 퐿∞(Ω) et 휆 ∈ ℝ, notre but est de décrire le comportement asymptotique de solutions de la
famille de problèmes
⎧⎪⎨⎪⎩
휕푢
휕푡
− Δ푝푢 = 휆푢 + 푔, en (0,∞) × Ω,
푢 = 0, en (0,∞) × 휕Ω,
푢(0, ⋅) = 푢0, en Ω,
comme 푝 ←→ 2+, ou Δ푝푢 ∶= div(|∇u|p−2∇u) désigne lé opérateur 푝-laplacian.
1 Introduction
Let Ω ⊂ ℝ푛 be a bounded smooth domain in ℝ푛, 푛 ≥ 1. Given 푢0 ∈ 퐿2(Ω), 푔 ∈ 퐿∞(Ω) and 휆 ∈ ℝ,
consider the family of problems parametrised by 푝 ∈ [2,∞)
⎧⎪⎨⎪⎩
휕푢
휕푡
− Δ푝푢 = 휆푢 + 푔, on (0,∞) × Ω,
푢 = 0, in (0,∞) × 휕Ω,
푢(0, ⋅) = 푢0, on Ω,
(퐸푝)
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where Δ푝푢 ∶= div
(|∇u|p−2∇u) denotes the 푝-laplacian operator.
As pointed out by the authors in [4], if 푝 > 2 the nonlinear laplacian give rise to a strong dissipa-
tion mechanism which ensures the existence of a compact global attractor (see [1, 8]) for the semiflow
generated by (퐸푝) in the state space 퐿
2(Ω), unlike from the case 푝 = 2.
If 푝 = 2, equation (퐸푝) reads
⎧⎪⎨⎪⎩
휕푢
휕푡
− Δ푢 = 휆푢 + 푔, on (0,∞) × Ω,
푢 = 0, in (0,∞) × 휕Ω,
푢(0, ⋅) = 푢0, on Ω,
(퐸2)
and is not difficult to show the existence of unbounded orbits for the semiflow generated by (퐸2) if 휆 is
large enough (see Section 3). Such behavior is typical of systems referred to in the recent literature as
slowly non-dissipative dynamical systems (see [3, 6, 15]).
Wemust recall that a compact global attractor is a nonempty maximal compact invariant set attracting
each bounded subset in the state space. In the context of slowly non-dissipative systems, which are
characterised by the existence of unbounded orbits with the absence of finite time blowup, one cannot
expect compactness for a proper extension of the notion of global attractor. In such case, the object to be
considered would be nonempty, maybe unbounded, but minimal in the category of invariant sets which
attracts all bounded subsets in the state space. This is referred to as non-compact global attractor (see
Definition 3.2) and [3, 6, 15]).
Our aim in this note is to address to the stability with respect to the parameter 푝 of such objets,
comparing compact attractors in the dissipative case 푝 > 2 with the non-compact attractors in the non-
dissipative limiting case 푝 = 2 in terms of the Hausdorff semi-distance between then (see Section 4.1).
Despite of the intense development of the theory of dissipative systems, the called non-dissipative
systems still needs a deeper understanding and we believe that studies as we carrie out on this paper may
be of great motivation for that.
This paper is structured as follows. In Section 2 we address to the dissipative case. In particular we
setup the functional framework and present preliminary results concerned with the asymptotic behavior
of solutions of (퐸푝). In Section 3 we address to the non-dissipative case. We show the existence of
unbounded orbits and their behaviour at infinity. We consider the notion of non-compact global attractor
and by considering Poincaré’s compactification as in [10], it is possible to interpret such attractors as
heteroclinics orbits connecting equilibrium points at infinite.
In Section 4 we address to the continuity with respect to the parameter 푝 of the orbits as well of the
compact and non-compact global attractors.
2 The dissipative case: 푝 > 2
Let 퐻 be the Hilbert space 퐿2(Ω) endowed with the standard inner product and 푉 the reflexive space
푊
1,푝
0
(Ω) endowed, thanks to the Poincaré inequality, with the equivalent norm ‖푢‖푉 = [∫Ω |∇푢(푥)|푝푑푥
] 1
푝
.
Identifying 퐻 with퐻∗, its topological dual space, we can write
푉
푑
→ 퐻
푑
→ 푉 ∗,
i.e., each space is dense in the following one and the inclusion maps are continuous. In this particular
case, 푉 ∗ = 푊 −1,푞(Ω), where 푞 is the conjugate exponent of 푝, 1∕푝 + 1∕푞 = 1.
The inner product in 퐻 will be denoted by ⟨⋅, ⋅⟩ whereas ⟨⋅, ⋅⟩푉 ∗,푉 will denote the duality product
between 푉 ∗ and 푉 . As a consequence of the previous identification
⟨푢, 푣⟩ = ⟨푢, 푣⟩푉 ∗,푉 , for all 푢 ∈ 퐻 and for all 푣 ∈ 푉 .
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Let us now consider the (nonlinear) operator 퐴푝 ∶ 푉 → 푉
∗ defined by
⟨퐴푝푢, 푣⟩푉 ∗,푉 ∶= ∫Ω |∇푢|푝−2∇푢 ⋅ ∇푣 푑푥, ∀ 푣 ∈ 푉 ,
where for 휉, 휂 ∈ ℝ푛, 휉 ⋅ 휂 denotes the standard inner product in ℝ푛.
It is well known (see [14, 17]) that operator 퐴푝 satisfies the following structural properties:
푖) The operator 퐴푝 ∶ 푉 → 푉
∗ is maximal monotone, coercive and hemicontinuous;
푖푖) There are constants 푐1, 푐2 > 0 such that for all 푣 ∈ 푉 the following conditions hold:⟨퐴푝푣, 푣⟩푉 ∗,푉 ≥ 푐1‖푣‖푝푉 and ‖퐴푝푣‖푉 ∗ ≤ 푐2‖푣‖푝−1푉 .
This allow us, in particular, to conclude that the set 퐷(퐴푝) ∶= {푢 ∈ 푉 ∶ 퐴푝푢 ∈ 퐻} is dense in 퐻 (see
[4, Lemma 1]).
Considering the 퐻-realization of the operator 퐴푝, i.e. the restriction of the operator 퐴푝 on 퐷(퐴푝)
seen as an operator on 퐻 (which we will still denote by 퐴푝), it is well known (see [2, Example 2.3.7])
that 퐴푝 is a maximal monotone operator in 퐻 . Therefore, 퐴푝 can also be seen as the subdifferential of
the lower semicontinuous convex functional 퐽푝 ∶ 퐻 → (−∞,∞] defined by
퐽푝(푢) ∶=
⎧⎪⎨⎪⎩
1
푝
‖푢‖푝
푉
, if 푢 ∈ 푉 ,
∞, otherwise.
The problem (퐸푝) can be now be written in the form
푑푢
푑푡
+ 퐴푝푢 = 퐵(푢), 푡 > 0,
푢(0) = 푢0 ∈ 퐻,
(2.1)
where 퐵 ∶ 퐻 → 퐻 is the globally Lipschitz map defined as 퐵(푢) ∶= 휆푢 + 푔.
Definition 2.1. A function 푢 ∈ ([0,∞);퐻) is a strong solution to (2.1) starting at 푢0 ∈ 퐻 if 푢 is
absolutely continuous in any compact subinterval of (0,∞), 푢(푡) ∈ 퐷(퐴푝) for a.e. 푡 ∈ (0,∞), 푢(0) = 푢0
and
푑푢
푑푡
(푡) + 퐴푝푢(푡) = 퐵(푢(푡)), for a.e. 푡 ∈ (0,∞). (2.2)
Theorem 2.2 ([12], Theorem 2.8). Let 푝 > 2 be fixed. For all 푢0 ∈ 퐻 there exist a unique strong solution
푢푝 ∈ ([0,∞);퐻) to (2.1) starting at 푢0.
Theorem 2.2 allow us to consider, for each 푝 > 2, the (nonlinear) semigroup {푇푝(푡)}푡≥0 ⊂ (퐻 ;퐻)
푇푝(푡) ∶ 푢0 ∈ 퐻 → 푢푝(푡) ∈ 퐻,
the strong solution to (2.1) starting at 푢0 at the time 푡.
Definition 2.3 ([8]). An subset 푝 ⊂ 퐻 is said to be a compact global attractor for the semigroup
{푇푝(푡)}푡≥0 if푝 is a compact subset of퐻 , 푇푝(푡)푝 = 푝 for all 푡 ≥ 0 and lim
푡→∞
sup
푏∈
inf
푎∈푝 ‖푇푝(푡)푏−푎‖퐻 =
0, for all bounded subset  ⊂ 퐻 .
Definition 2.4 ([8]). A complete orbit for the semigroup {푇푝(푡)}푡≥0 through 푢0 ∈ 퐻 is a continuous
function 휙 ∶ ℝ→ 퐻 satisfying 휙(0) = 푢0 and 푇 (푡)휙(푠) = 휙(푡 + 푠), for all 푠 ∈ ℝ and 푡 ≥ 0.
Theorem 2.5 ([8]). If 푝 ⊂ 퐻 is the compact global attractor for the semigroup {푇푝(푡)}푡≥0, then
푝 = {푢0 ∈ 퐻 ∶ there exists a bounded complete orbit for {푇푝(푡)}푡≥0 through 푢0}.
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Theorem 2.6. Let 푝 > 2 be fixed. The semigroup {푇푝(푡)}푡≥0 is (퐻,푉 )-dissipative, i.e., there exists 푅 =
푅(푝) > 0 such that for all bounded subset  ⊂ 퐻 , there exists 푇 = 푇 () > 0 such that sup
푡≥푇
푣∈
‖푇푝(푡)푣‖푉 <
푅. In particular, {푇푝(푡)}푡≥0 has a compact global attractor 푝. Moreover, for any 푞 ∈ (푝,∞), 푅 can be
chosen uniformly for 2 < 푝 ≤ 푞.
Proof. For the proof of existence of a compact global attractor in 퐻 in a more general setting see [4,
Theorem 1]. For the a priori estimate in 푉 see [17, §5.2].
The next Proposition shows how simple the dynamics of the system (2.1) is in the case 휆 ≤ 0.
Proposition 2.7. If 휆 ≤ 0 then 푝 = {푢∗푝}, where 푢∗푝 is the (unique) equilibrium point of (퐸푝), i.e.,
푢∗
푝
∈ 퐷(퐴푝) and 퐴푝푢
∗
푝
= 휆푢∗
푝
+ 푔.
Proof. Setting 푤(푡) ∶= 푢푝(푡) − 푢
∗
푝
, one immediately obtains that
푑푤
푑푡
= 퐴푝푢
∗
푝
− 퐴푝푢푝 + 휆푤. (2.3)
Moreover, it follows from Tartar’s inequality (A.1) that
⟨퐴푝푢∗푝 − 퐴푝푢푝, 푤⟩푉 ∗,푉 = ⟨|∇푢∗푝|푝−2∇푢∗푝 − |∇푢푝|푝−2∇푢푝,∇푤⟩ ≤ −22−푝‖∇푤‖푝퐻 ≤ −22−푝휆푝∕21 ‖푤‖푝퐻 ,
where 0 < 휆1 denotes the first eigenvalue of the Dirichlet Laplacian.
Taking in (2.3) the inner product in퐻 with 푤 one obtains that
1
2
푑
푑푡
‖푤‖2
퐻
≤ 휆‖푤‖2
퐻
, 푡 > 0, if 휆 ≠ 0
and
1
2
푑
푑푡
‖푤‖2
퐻
+ 22−푝휆
푝∕2
1
(‖푤‖2
퐻
)푝∕2 ≤ 0, 푡 > 0, if 휆 = 0.
Therefore, ‖푤(푡)‖2
퐻
≤ ‖푢0 − 푢∗푝‖2퐻 푒2휆푡 푡→∞←→ 0, if 휆 ≠ 0, and thanks to Ghidaglia’s Inequality A.2,‖푤(푡)‖2
퐻
≤ (22−푝휆푝∕2
1
(푝 − 2)푡
)−2∕(푝−2) 푡→∞
←→ 0, if 휆 = 0.
In virtue of Proposition 2.7 a more complicated dynamics for system (퐸푝), 푝 > 2, is expected only
for 휆 > 0.
3 The non-dissipative case: 푝 = 2
Let 퐴2 ∶ 퐷(퐴2) ⊂ 퐻 → 퐻 be the Laplace operator with homogeneous Dirichlet boundary conditions,
i.e.,퐴2 ∶= −Δwith domain퐷(퐴2) = 푊
1,2
0
(Ω)∩푊 2,2(Ω). It is well know (see [11]) that퐴휆 ∶= 휆퐼−퐴2
is the generator of an analytic semigroup {푒퐴휆푡}푡≥0 in퐻 and the (classical) solution of (2.1), in the case
푝 = 2, is given by
푢2(푡) = 푒
퐴휆푡푢0 + ∫
푡
0
푒퐴휆(푡−푠)푔 푑푠, 푡 ≥ 0.
As in the previous Section, we can define the semigroup {푇2(푡)}푡≥0 ⊂ (퐻 ;퐻) by
푇2(푡) ∶ 푢0 ∈ 퐻 → 푢2(푡) ∈ 퐻,
the solution to (2.1) (in the case 푝 = 2) starting at 푢0 at the time 푡.
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Since ‖푒−퐴2푡‖L (퐻) ≤ 푒−휆1푡, for all 푡 ≥ 0, where 휆1 denotes the first eigenvalue of the operator 퐴2, we
have that ‖푒퐴휆푡‖L (퐻) ≤ 푒(휆−휆1)푡, for all 푡 ≥ 0. So, if 푢∗2 is an equilibrium point of (퐸2), i.e., 푢∗2 ∈ 퐷(퐴휆),
and 퐴휆푢
∗
2
+ 푔 = 0, setting 푤(푡) =∶ 푢2(푡) − 푢
∗
2
, we can easily see that 푑푤
푑푡
= 퐴휆푤 and 푤(푡) = 푒
퐴휆푡푤(0),
for all 푡 ≥ 0. Therefore ‖푢(푡) − 푢∗
2
‖퐻 ≤ 푒(휆−휆1)푡‖푢0 − 푢∗2‖퐻 . (3.1)
On the other hand if {휑푗}
∞
푗=1
denotes the ortonormal basis of 퐻 consisting of the (ordered) eigen-
values of the operator 퐴2, solution 푢2 can be expressed as
푢2(푡) =
∞∑
푗=1
푢̂2푗 (푡)휑푗 , (3.2)
where the Fourier modes 푢̂2푗 (푡) are given by
푢̂2푗
(푡) = 푒(휆−휆푗 )푡⟨푢0, 휑푗⟩ + ∫ 푡0 푒(휆−휆푗 )(푡−푠)푑푠⟨푔, 휑푗⟩. (3.3)
It follows from Parseval’s identity that
‖푢2(푡)‖2퐻 ≥
⎧⎪⎨⎪⎩
[
푒(휆−휆푗 )푡⟨푢0, 휑푗⟩ + (푒(휆−휆푗 )푡 − 1
휆 − 휆푗
) ⟨푔, 휑푗⟩]2 , if 휆 ≠ 휆푗 ,[⟨푢0, 휑푗⟩ + 푡⟨푔, 휑푗⟩]2 , if 휆 = 휆푗 . (3.4)
From this discussion we derive the following Proposition
Proposition 3.1.
1. If 휆 < 휆1, the semigroup {푇2(푡)}푡≥0 has a compact global attractor 2 = {푢∗2};
2. If 휆 ≥ 휆1 and 푔 ≠ 0, the semigroup {푇2(푡)}푡≥0 admits unbounded orbits, i.e., there exist 푢0 ∈ 퐻
such that lim sup
푡→∞
‖푇2(푡)푢0‖퐻 = ∞;
3. If 휆 = 휆1 and 푔 = 0, then for all 푅 > 0 there exists 푢0 ∈ 퐻 such that ‖푇 (푡)푢0‖퐻 ≥ 푅.
As a immediate consequence of Proposition 3.1, if 휆 ≥ 휆1 there is no compact global attractor for the
semigroup {푇2(푡)}푡≥0. However, we consider a proper notion of non-compact global attractor suitable
for slowly non-dissipative dynamical systems.
Definition 3.2. [15] A non-compact global attractor for the semigroup {푇2(푡)}푡≥0 is a non-empty minimal
subset 2 of 퐻 satisfying 푇2(푡)2 = 2 for all 푡 ≥ 0 and lim
푡→∞
sup
푏∈
inf
푎∈2 ‖푇2(푡)푏 − 푎‖퐻 = 0, for all
bounded subset  ⊂ 퐻 .
Theorem 3.3. Let2 ⊂ 퐻 be a non-compact global attractor for the semigroup {푇2(푡)}푡≥0. If 푢0 ∈ 2,
there exists a complete orbit for {푇2(푡)}푡≥0 through 푢0. Moreover, if there exists a complete orbit 휙 ∶
ℝ→ 퐻 for {푇2(푡)}푡≥0 through 푢0 ∈ 퐻 such that 휙((−∞, 0]) ⊂ 퐻 is bounded, then 푢0 ∈ 2.
Proof. The first part of the Theorem is proved by standard arguments based on the invariance of2. For
the reader’s convenience we present it.
Let 푢0 ∈ 2 be fixed. Since 2 = 푇2(1)2, there exists 푢−1 ∈ 2 such that 푇2(1)푢−1 = 푢0. By
induction there exists a sequence {푢−푛}푛∈ℕ satisfying 푇 (1)푢−푛−1 = 푢−푛 for all 푛 ∈ ℕ.
Finally, defining 휙 ∶ ℝ→ 퐻 by
휙(푡) =
{
푇2(푡)푢0, 푡 ≥ 0,
푇2(푛 + 푡)푢−푛, 푡 ∈ [−푛,−푛 + 1), 푛 = 1, 2,⋯ ,
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one obtains a complete orbit for {푇2(푡)}푡≥0 through 푢0.
On the other hand, let assume that 휙 ∶ ℝ → 퐻 is a complete orbit for {푇2(푡)}푡≥0 through 푢0 such
that 휙((−∞, 0]) ⊂ 퐻 is bounded. Then
sup
푏∈휙(ℝ)
inf
푎∈2 ‖푏 − 푎‖퐻 = lim푡→∞ sup푏∈휙((−∞,푡]) inf푎∈2 ‖푏 − 푎‖퐻 = lim푡→∞ sup푏∈휙((−∞,0]) inf푎∈2 ‖푇2(푡)푏 − 푎‖퐻 = 0,
and we conclude that 휙(ℝ) ⊂ 2.
In the following we describe in some detail the structure of a such non-compact global attractor.
If 휆1 < 휆2 ≤ 휆3 ≤ ⋯ denote the eigenvalues of the operator 퐴2 counted with multiplicity, let
푁(휆) be the number of eigenvalues, counted with multiplicity, less or equal to 휆, i.e.,푁(휆) satisfies that
0 < 휆1 < 휆2 ≤ ⋯ ≤ 휆푁(휆) ≤ 휆 < 휆푁(휆)+1.
By (3.3) if one considers unbounded orbits, since its norm grows to infinity with time, the Fourier
modes 푢̂2푗 (푡) with 푗 > 푁(휆) will not affect the shape profile of such orbits as 푡 → ∞. Since we are
concerned with its behavior at infinity, we are particularly concerned with the modes 푢̂2푗 (푡) with 1 ≤ 푗 ≤
푁(휆).
Proposition 3.4. Consider an unbounded orbit 푢2(푡) and its normalised trajectory
푢2(푡)‖푢2(푡)‖퐻 . Then
푢2(푡)‖푢2(푡)‖퐻 푡→∞←→ 휑푗 in퐻 , if and only if, 푢̂2푗 (푡)‖푢2(푡)‖퐻 푡→∞←→ 1.
Proof. Just note that
‖‖‖‖ 푢2(푡)‖푢2(푡)‖퐻 − 휑푗‖‖‖‖
2
퐻
= 2 − 2⟨ 푢2(푡)‖푢2(푡)‖퐻 , 휑푗⟩ = 2 − 2 푢̂2푗 (푡)‖푢2(푡)‖퐻 .
Corollary 3.5. Consider an unbounded orbit 푢2(푡) and its normalised trajectory
푢2(푡)‖푢2(푡)‖퐻 . Then 푢̂2푗 (푡) 푡→∞←→
∞ for some 1 ≤ 푗 ≤ 푁(휆). Moreover 푢2(푡)‖푢2(푡)‖퐻 푡→∞←→ 휑푘 in퐻 , where 푘 = min1≤푗≤푁(휆){푗 ∶ 푢̂2푗 (푡) 푡→∞←→ ∞}.
Proof. Its clear from (3.4) that if 푢2(푡) is an unbounded orbit then 푢̂2푗 (푡)
푡→∞
←→ ∞ for some 1 ≤ 푗 ≤ 푁(휆).
Let 푗 ∈ (푘,푁(휆)] be fixed. Assuming that 푢̂2푗 (푡)
푡→∞
←→ ∞ its grows like 푒(휆−휆푗 )푡. Since 푒(휆−휆푗 )푡 <
푒(휆−휆푘)푡 for all 푡 large enough, we have that
lim
푡→∞
푢̂2푗
(푡)‖푢2(푡)‖퐻 = lim푡→∞ 푢̂2푗 (푡)푢̂2푘(푡) = lim푡→∞ 푒(휆푘−휆푗 )푡 = 0.
Remark 3.6. In this simple case (푝 = 2) where we have explicit solutions for the problem (2.1), we can
explicitly describe the non-compact global attractor 2.
Considering the eigenfunctions 휑푗 , 푗 = 1, 2,⋯ , 푁(휆) as initial data, it is not difficult to see that
all the asymptotic behavior of 푢2(푡) in the infinite is captured by the subspace generated by 휑푗 , with
1 ≤ 푗 ≤ 푁(휆), which is minimal with such property, while bounded solutions must converge to 푢∗
2
exponentially fast. Therefore the non-compact global attractor 2 can be decomposed as
2 = 푢2 ∪ {푢∗2},
where 푢
2
∶= span{휑1, 휑2,⋯ , 휑푁(휆)} is the unbounded part of the global attractor.
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In the following we describe the approach developed in [10], based on Poincaré’s projection, which
allow us to interpret 휑푗 , 1 ≤ 푗 ≤ 푁(휆) as equilibrium points of (퐸2) at infinity, and therefore, unbounded
orbits may be interpreted as heteroclinic connections to infinity.
First we embed 퐻 into 퐻 × ℝ and we identify 퐻 with the affine hyperplane 퐻 × {1} through the
bijection퐻 ∋ 푣 → (푣, 1) ∈ 퐻×{1}. Finally, the affine hyperplane퐻×{1} is projected stereographically
to the Poincaré hemisphere  ∶= {(푣, 푠) ∈ 퐻 × ℝ ∶ ‖푣‖2
퐻
+ 푠2 = 1, 푠 ≥ 0}. This transformation is
given explicitly by the formula
 ∶ 푣 ∈ 퐻 → (푣, 1)‖푣‖2
퐻
+ 1
∈ 
ℝ
퐻
푣
푣
퐻 × {1}
The Poincaré’s projection
As ‖푣‖퐻 goes to infinity, 푣 goes to the equator  ∶= {(푣, 0) ∈ 퐻 ×ℝ ∶ ‖푣‖2퐻 = 1} of the Poincaré
hemisphere. By applying the Poincaré transformation at equation (2.1) (in the case 푝 = 2) was observed
in [10] that −1(휑푗 , 0), 1 ≤ 푗 ≤ 푁(휆) play the role of equilibria for (퐸2) at infinity. In addition to that,
this Poincaré “compactification” of the phase space allows a rigorous analysis of the dynamics at infinity
in more complicated situations, e.g. nonlinear equations.
4 Continuity properties of flows and attractors
We start with the continuity of the (bounded) equilibrium points.
Theorem 4.1. Let 푢∗
푝
and 푢∗
2
equilibrium points of (퐸푝) and (퐸2) respectively. Then ‖푢∗푝 − 푢∗2‖푉 푝→2+←→ 0.
This Theorem is proved in [13, Theorem 1.3 and Remark 4.2] for the equation −div(|∇푢|푝−2∇푢) = 푔
as 푝 → 2. The proof is based on variational arguments on the energy functional 푝(푢) = 1
푝 ∫Ω |∇푢|푝 푑푥−
∫Ω 푔 푢 푑푥. On letting ̃푝(푢) =
1
푝 ∫Ω |∇푢|푝 푑푥 − 휆2 ∫Ω 푢2 푑푥 − ∫Ω 푔 푢 푑푥 we get the result.
In the following we address to the continuity of semigroups.
Theorem 4.2. Given 푢0
푝
, 푢0
2
∈ 퐻 , let 푇푝(푡)푢
0
푝
and 푇2(푡)푢
0
2
be the semigroups defined in Section 2 and
Section 3 respectively. There exist functions 퐶1(푝, 푅, 푇 ) with 퐶1(푝, 푅, 푇 )
푝→2
←→ 0, and 퐶2(푇 ) such that
‖푇푝(푡)푢0푝 − 푇2(푡)푢02‖퐻 ≤ 퐶1(푝, 푅, 푇 ) + 퐶2(푇 )‖푢0푝 − 푢02‖퐻 , (4.1)
for 푡 ∈ [0, 푇 ] and ‖푢0
푝
‖퐻 , ‖푢02‖퐻 ≤ 푅.
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Proof. Let 푢푝(푡) ∶= 푇푝(푡)푢
0
푝
and 푢2(푡) ∶= 푇2(푡)푢
0
2
and set 푤(푡) ∶= 푢푝(푡) − 푢2(푡). Then
푑푤
푑푡
= 퐴2푢2(푡) −
퐴푝푢푝(푡) + 휆푤. From Tartar’s inequality we obtain that
⟨퐴푝푢푝 − 퐴2푢2, 푤⟩ = ⟨|∇푢푝|푝−2∇푢푝 − |∇푢2|푝−2∇푢2,∇푤⟩ + ⟨|∇푢2|푝−2∇푢2 − ∇푢2,∇푤⟩
≥ 22−푝‖∇푤‖푝
퐻
+ ⟨|∇푢2|푝−2∇푢2 − ∇푢2,∇푤⟩.
So,
1
2
푑
푑푡
‖푤‖2
퐻
≤ −⟨|∇푢2|푝−2∇푢2 − ∇푢2,∇푤⟩ + 휆‖푤푝‖2퐻
≤ ∫Ω
||||∇푢2|푝−1 − |∇푢2|||| |∇푤| 푑푥 + 휆‖푤푝‖2퐻 .
In order to estimate |||∇푢2|푝−1 − |∇푢2|||, we observe that from the mean value Theorem one gets||||∇푢2|푝−1 − |∇푢2|||| = |∇푢2|푟 ||ln|∇푢2||| |푝 − 2|,
for some 푟 ∈ (1, 푝 − 1) as long as |∇푢2| ≠ 0. It follows from uniform estimate in Theorem 2.6 and (3.3)
that |∇푢2(푡)|, |∇푢푝(푡)| are uniform bounded for ‖푢0푝‖퐻 , ‖푢02‖퐻 ≤ 푅 and 푡 ∈ [0, 푇 ].
Therefore
1
2
푑
푑푡
‖푤(푡)‖2
퐻
≤ 퐶|푝 − 2| + 휆‖푤(푡)‖2
퐻
, 푡 ∈ [0, 푇 ],
Integrating this last inequality from 0 to 푡 we obtain
‖푤(푡)‖2
퐻
≤ 2퐶푡|푝 − 2| + ‖푢0
푝
− 푢0
2
‖퐻 + 2휆∫ 푡0 ‖푤(푠)‖2퐻 푑푠.
By Gronwall’s Inequality we conclude that
‖푤(푡)‖2
퐻
≤ 퐶1|푝 − 2| + 퐶2‖푢0푝 − 푢02‖퐻 ,
for ‖푢0
푝
‖, ‖푢0
2
‖퐻 ≤ 푅 and 푡 ∈ [0, 푇 ].
4.1 Continuity of attractors
The Hausdorff semi-distance of two subsets , of a metric space (푋, 푑) is defined as
dist(,) ∶= sup
푎∈
inf
푏∈ 푑(푎, 푏).
Given a family {휆}휆∈Λ of subsets of 푋, we say that {퐴휆}휆∈Λ is upper semicontinuous at 휆 = 휆0 ∈ Λ
if,
dist(휆,휆0)
휆→휆0
←→ 0.
We say that {퐴휆}휆∈Λ is lower semicontinuous at 휆 = 휆0 ∈ Λ if,
dist(휆0 ,휆)
휆→휆0
←→ 0.
We say that {퐴휆}휆∈Λ is continuous at 휆 = 휆0 ∈ Λ if is both upper and lower semicontinuous at 휆 = 휆0.
Theorem 4.3. [8]
1. A family {휆}휆∈Λ of subsets of 푋 is upper semicontinuous at 휆 = 휆0 ∈ Λ, if and only if, for any
sequences 휆푛
푛→∞
←→ 휆0 and 푢휆푛 ∈ 휆푛 there exists a subsequence of {휆푛} (still denoted by {휆푛})
such that 푢휆푛
푛→∞
←→ 푢휆0 for some 푢휆0 ∈ 휆0 .
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2. Assuming 휆0 a compact subset of 푋, a family {휆}휆∈Λ of subsets of 푋 is lower semicontinuous
at 휆 = 휆0 ∈ Λ, if and only if, for any sequence 휆푛
푛→∞
←→ 휆0 and any 푢휆0 ∈ 휆0 there exists a
subsequence of {휆푛} (still denoted by {휆푛}) and a sequence 푢휆푛 ∈ 휆푛 , such that 푢휆푛
푛→∞
←→ 푢휆0 .
Theorem 4.4.
1. If 휆 < 휆1, the family of compact global attractors {푝}푝≥2 ⊂ 퐻 is continuous at 푝 = 2;
2. If 휆1 ≤ 휆 the family of global attractors {푝}푝≥2 ⊂ 퐻 is upper semicontinuous at 푝 = 2.
Proof.
1. This is consequence of Theorem 4.1.
2. Let us consider sequences 푝푛
푛→∞
←→ 2+ and 푢푝푛 ∈ 푝푛 , 푛 ∈ ℕ. By the a priori estimate in Theorem
2.6 it follows that
⋃
2<푝≤3
푝 is a compact subset of 퐻 , therefore (passing to a subsequence if nec-
essary) 푢푝푛
푛→∞
←→ 푢2 for some 푢2 ∈ 퐻 . It remains to show that 푢2 ∈ 2. For this, it is enough to
prove the existence of a complete orbit for {푇2(푡)}푡≥0 through 푢2 bounded in the past.
For each 푛 ∈ ℕ, there exists a bounded complete orbit 휙푝푛 ∶ ℝ → 퐻 for {푇푝푛(푡)}푡≥0 through
푢푝푛
. For 푡 ≥ 0, it follows from the continuity of the semigroups in Theorem 4.2 that 휙푝푛 (푡) =
푇푝푛 (푡)푢푝푛
푛→∞
←→ 푇2(푡)푢2 in퐻 .
For 푡 < 0, we set up the orbit through 푢2 in the following way: for 푡 ∈ (−푘,−푘 + 1], 푘 ∈ ℕ, we
consider the sequence {휙푝푛(−푘)}푛∈ℕ in
⋃
2<푝≤3
푝. Following the previously argument used for the
sequence {푢푝푛}푛∈ℕ, we obtain that 휙푝푛(−푘)
푛→∞
←→ 휙̃2(−푘) in퐻 . Hence,
휙푝푛
(푡) = 푇푝푛(푡 + 푘)휙푝푛(−푘)
푛→∞
←→ 푇2(푡 + 푘)휙̃2(−푘).
Finally, defining 휙2 ∶ ℝ→ 퐻 by
휙2(푡) =
{
푇2(푡)푢2, 푡 ≥ 0,
푇2(푡 + 푘)휙̃2(−푘), 푡 ∈ [−푘,−푘 + 1), 푘 = 1, 2,⋯ ,
one obtains a complete orbit for {푇2(푡)}푡≥0 through 푢2 such that 휙2((−∞, 0]) ⊂ 퐻 is bounded. The
result follows now from Theorem 3.3.
Remark 4.5. To address to the lower semicontinuity of the family of compact global attractors for dissi-
pative systems possessing a Lyapunov function (gradient systems), we can indicate the general scheme
developed in [7, 9]. Such scheme is often applied in the case of semilinear equations (see [5]) by assum-
ing some robustness on the structure of the equilibria set, e.g. hyperbolicity. However, for quasilinear
equations still it is an open problem how to apply it. We hope to address to this issue in a further paper.
A Appendix
For reader’s convenience we collect some of the no so standard inequalities that we had use in the paper.
Lemma A.1 (Tartar’s Inequality, [16], Lemma 3.1). For all 휉, 휂 ∈ ℝ푛 and 푝 ≥ 2 the following inequality
hold
22−푝|휉 − 휂|푝 ≤ (|휉|푝−2휉 − |휂|푝−2휂) ⋅ (휉 − 휂).
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Lemma A.2 (Ghidaglia’s Inequality, [17], III-Lemma 5.1). Let 푦 ∶ (0,∞) → ℝ be a positive absolutely
continuous function which satisfies
푑푦
푑푡
+ 훾푦푝∕2 ≤ 훿,
with 푝 > 2, 훾 > 0 and 훿 ≥ 0. Then
푦(푡) ≤
(
훿
훾
)2∕푝
+
(
훾(푝 − 2)
2
푡
)−2∕(푝−2)
, ∀ 푡 > 0.
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